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Force-pen-ý,aiion curves for 3" AP 179 proj,- c jLe: 1, i ob i :iul t

are derived with ths aid of simplifying assumpt" ac 1. s.,thing.

and folding or the petaLl 'J - late. The tb I. i - P •*e cont-

pared with exaerimectal '•: ,es. .',ý ýaylis .4: _..:t : 'e rvfe: of in-

comploate contact bet eeu .*,e 1, e u c. e *.. 1. p -f i

guided by an sxperimi nt v. - .. ; .:- .iral inden:: .- .e.

A theor, is developed to represent the mat 5 tf a thi. A

membrane at .ow obliqtity. The theory is a. . • .L7.).• i

fications:

(a) It is saw=eI that the projee' :-or; C•mplete €Ou'.t '

w., th the menit rane until the .¢ e: rel. irr x * hes ,hb, -"' .?.."e.

(b) P, is assumed t.:.gi a zranr- ,r i fc, brings the veloci y of tba

*":nter of mass instantnv' *.y J coincidence with tY,3 axis of

heLO projectile when thi c¢xrre f first touches the mezn.rane.

(c) !; is assumed that t'e :roje,. a continues without tr,,nsverse

;rce or torque af*..,.' ;he b, ,elet has first touched the mem- h

,.ran@.

(d) t is assumed th•'. he f, deflection of the velocity of the

";enter of mass r...'s tr ate in the penetration to be of in-

"•luenca on the *,mit v,.. Aty for perforation.

(c) "t is assumed " , thv- tion in '.o undulatier is th, sone as

,e .371. in Lai w.'lation with the forq 9 ccncentrated

at a point,.



NPG REPORT ND. 1041

The force and torque on a 3" AP M779 projectile at high obliquity are

estimated with the aid of s.a fl!inrig assumptions as to the plastic deforma-

tion at the sides of a crack.

A theory is developed to rep-esent the limiting case of a thin membrane

at high -_tlquity. The theory is based on the following simplifications:

(a) It is assumed that the force and torque on the nose of the pro-

jectile are constant until the axis of the projectile turns out

of the membrane.

(b) It is assumed that the force and torque on the base of the pro-

jectile are constant, after the base reaches the membrane, until

the axis of the pro.? ectile turns out of the membrane.

(c) It is assumed that-the final force and torque on the projectile

are given by the limiting functions for a pro!lontile u,4.h its

axis nearly perpendicular to the membrane.

(d) It is assumed that the motion in the undulation is the amrm as the

motion in an elastic undulation w th the force concentrated at a

point until the axis of the projectile turns out of the membrane.

It is assumed that the displacement of the undulation i station-

ary while the projectile see-saws in the membrane.

The effect of yaw and the effect of rate of yaw on the 1;..- ene-gy is

estimaitd. TI' role of cavitation is described.

, IIII II IV1
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The materisal in this report is basic to the construction of plate

penetration charts or tables. It was originally authorized by BUORD

ltr 1&9/A9(Re3) of 9 January 1943, was later cbh--red to Task Assignment

• P-41-feea-118-1, and is currently charged to the Foundational Research

Program oA' the Naval Proving Ground.

The material in this report has been prepared since World War I in

connectinn with a study of the mechanism of penetration of piate by

projectiles. The report is one of a series of reports. Five of the

re;ports were published at the end of the war, and it was originally planned d

that nine reports would be submitted altogether. The remaining fot•r reports

were held up pending a revaluatinn nf the ballistic data, iuamsuch as there e

was an opportunity to obtain a few additional tests of special interest at

the end of the war. As a result of these tests, the nuzsber of reports has

been increased to elue,ra. The six remaining reports are now to be published,

but with a minimum expenditure of additional effort in order to bring forth h

the 3xist~ng material. The analysis has probebly been carried as far as it t

should be carried without the aid of a modern calculator such as the Aiken

Dahlgreh Electronic Calculator. The press of urgent work has thus far

Drevented allocation of any ADEC time to this work.

SMUN
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Thp titles of the full set of eleven reports are as follows:

(1) ANALYTICAL SUMAARY. PART I. THE PHYSIC TSNDER
TRIAXIAL STRES3. NPG Report No. 6-46

Object: To simmiarize the available data on the physical properties
of Class B Armor and STS under triaxial stress.

(2) ANALYTICAL SUMMARY. PART II. ELASTIC AND PLASTIC UN)DULATIONS IN
ARMOR PLATE. NPG Report No. 7-46

. To analyse the propagation of undulations in armor plate;
to surmmarize previous analytical work E-'d to add new analyti-
cal work where required in order to compiete the theory for
ballistic applications.

(3) ANALYTICAL SUMMARY. PART III. PLASTIC FLOW IN A:X3R PIATE. NPG
Report No. 864

Object: To analyse the plastic flow in armor plate adjacent to the
point of impAct by a projetile.

(4) ANALYTICAL SUMMARY. PART IV. THE THEORY OF A PENETRATION. NPG
Report No. 9-46

Object: To summarize the theory of armor penetration in its present
state of development, and to develop theoretical functions
wbich can be used as a guide in the interpretation of ballis-
tic data.

(5) ANALYTICAL SUMMARY. PART V. PLASTIC FLOW IN BARS AND SHELLS. NPG
Report No. 954

bj~q: To analyse the plastic flow in cylindrical bars and shells
during impact against an unyielding plate.

(6) ANALYTICAL SUMMARY. PART VI. THE THEORY OF PROJECTILE RICOCHET.
NPG Report No. 1041

O~j.c: To analyse the dynamics of projectiles during oblique impact,
and to develop theoretical functions which can be u:aed as a
guide in the interpretation of ballistic data.

CONFIDENTIAL
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(7) BALLIStiC SUMWRY. PART I. TIM DEPENDENCE OF LIMIT VELO%,ITY. ON

PLATE THICKNESS AND OBLIQIITT AT LOW OBLIQUIT!. NPG Report No. 2-46

Ojec: To compare the results of ballistic test with the prediction
of existing formulae, and with the results of theoretical
analysis; to find the mithematical functions which beet repre-
sent the nmdsmental relationship between limit velocity,
plate thickness, and obliquity at low obliquity.

(8) BAULTSTIC SUMMARY. PART II. 'TE SCA-1 ,73=T1 ANj =11 OCIVE EFFECT.
MP P-.ort No. 4-46

Objec: To determine the effect of scale on ballistic performance,
and to correlate the projectile nose zhape with the results
of ballistic test.

(9) BALLISTIC SUMMARY. PART III. THE WINDIlMD EFFECT, THE HOOD EFFECT,
AND THE CAP EFFECT. NPG Report No. 1211

0bJect: To determine the effect of windshields and hoods or caps on
ballistic pe" formance.

(10) BALLISTIC SUIMARY. PART IV. THE P OF L-TIPT MLOCITT ON
PLATE TLCKNESS AND OBLIQUITf AT BICH OBLIQUITZ. NPG Report No. 1125

Qbiect: To compare the results of ballistic test with the results of
theoretical analysis; to find mathematical functions which
best represent the fundamental relationship between limit
velocity, plate thisxL"ess, and obliquity at high obliquity.

(11) BALLISTIC SUWARY. PART V. THE COSUCTION OF PLATE PITEThATION
CRARTS OR TABLES. MPG Report No. 1120

Objec: To summarizo tLa results of analysis in the form of standard
charts or tables.
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INTRODUCTION

A theoretical analysis of the motion of a projectile during ricochet

in armor plati has a twofold purpose. It forms a rational basis for the

extrapolation of ballistic data to obliquities which exceed the range of

ballis4ic test. it leads to an est'mate of the effect of yaw and the effect

of rate of yaw on the limit energy for perforation.

The limit energy per unit weight of armor ia the path of a monobloc

projectile is nearly independent of obliquity at low obliquity. The plate

applies a torque to the projectile wh. ch increases with increase in obliquity.

The torque deflects the axis of the projectile and gives the projectile an

angular velocity. In a limit impact at high oblimuity the projectile is

actually turned into a position with its axis perpendicular to the plate and

with the basm of the projectile through the plate. The impact area extends

a long distance beyond the point of impact in an impact at high obliquity.

The limit energy per unit weight or armor in the path of the projectile

varies with obliquity at high liquity.

The penetration during an oblique impact may be divided into three

stag-s. During stage (i) the projectile is in contact with the plate around

the complete perimeter of the impact hole and the force and torque are inde-

pendent of the direction of motion of the projectile. During stage (ii) the

projectile partially loses contact with the plate and there are additional

transverse forces and torques on the projectile. During stage (iii) the

projectile moves sidewise in the plato.

CONFIDENTI AL
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An accurate analysis of the motion of the projectile would require a

bwp by step numerical. integration of the three simultaneous equations of C

motion, with an analysis of the area of contact between plate and projectile C

at each step. Inasmuch as the complexity of this numerical integration

exceeds the capacity of available personnel, the analysis has been expedited, J

in the present report, .ith the aid of sor•.?ha:t drastic simplifications.

The semiguantitative theory in its present state Is applied in the

present report to the penetration of 3" AP M79 projectiles at low obliquity

and at high obliquity in a thin membrane of STS with a tensile strength of

115000 (lb2/(in)*.

CONFIDENIAL '
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THE EQUATIONS OF MOTION

The position of the center of mass of the projectile after the

first instant of covtact with the plate may be expressed in terms of

Cartesian coordinates x,y,g, of which the coordinate z is the distance

of the center of mass from the initial plane of the plate, and is neg&-

tive before impact. The Cartesian axes are unit vectors i,jk, amonr

which the vector i is perpendicular to the plane of incidence, the

vector j is parallel to the plane of incidence and is perallel to the

plate, and the vector k i0 perpendicular to the plate. The orientation

of the projectile may be expressed in terms of the angle X between the

axis of the projectile ind the normal of the plate. The direction of

motion of the projectile may be expressed in terms of the angle 0 between

the velocity of the center of mass and the normal of the plate. The co-

ordinates of the center of mass and the orientation of the projectile are

illustrated in Figure (1).

The mi'tion of the prejectile is governed by the equations of motion

u tf M L (1)

in which u is the mass, C is the transverse moment of inertia, v is the

velocity of the center of mass, w is the angular velocity, f is the re-

sultant force on the projcatile, and L is the resultant torque.

CONFIDENTIAL 3



CONFIDENTIAL T3PG REPORT '0. 1041

Let the dimensionless variables .A•.q.a,y,q,A be defined by the

equtn.•ons
y a

d d (,d)

q eX')i (3)

S- 2 (4)
C

i'f k'f

A L 0S- d~eX'()

in which d is the diamoter of the projectils, e is the thickness of the

plate, and P' is the yield stress of the plate. S3ubstitution of the dimen-

sionless variables into the equations of motion leads to the equations

- h 7= •(7)

+ A (1)

in which e'. h", X" nro ,hserivntivos with respect to q.

Tht, Ienera. intt,,-raI] of' thti equationH of motion are given by the

H-quat iotn

, ' g~ Yd,,? ' h", rdq (9)

S , (10)

MN,'WI DPT,'NTV 4
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na~d by the equations

qq

hox + N~q + ~qf~qdq - cef:"dq

in which I.. ha, )(a. to'. A, 'are the values of I, h. x. f'. V'. X at t

q = 0. 7The Values of 1. h, X, ga'. V', X' at the end of e. ;h stage of the 1

motion are the values of 9.. A0, )(D. go'. h0', V.~ for the beginning of the

next stage.

The penetration 0 of the projectile into the plate is given by the

equat ion

in which J is the displacement of the center of the undulation in the

plate, X. is the distance from the center of mass of the projectile 
to the b

edge of the bourrelet, and b is the distance from the edge of the bourrelet

to the tip of the nose. The displacemenit ý is given approximately by the

equation'

B" e + + 0-. (ho,' - hi) (13)

in which 01 31 are dimc~sionleas parametcrs. The parameters 01. Og aref

defined by the equations

01 1) 
1 (U

in which E is the Young's modulus and p is the density of the plate.

COMMU~qrIL 5
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THE MOTION IN A LIMIT I•RACT ON A THIN MEMBRANE

Th r&M at Normal Oblicruit

The force on a round nosed projectile during the penetration of a

thin membrane has been analysed in reference (1). The analysis was

based on the following simplifications.

(1) It was assumed that a star crack is formed at first contact

and spreads out to the full diameter of the projectile with

no expenditure of energy.

('2) It was assumed that each petal of the star is pushed back to

form a cylinrical surface, while the rest of the membrane

remains plane.

(3) It was assumed that the energy which is required to push back

each petal is the same as the energy which would be required

to warp d plane sector with a circular base into a plane tri-

angle with a straight base.

The membrane is actually dished before fracture by a round nosed

projectile, and the petal, era not bent perfectly into cylindrical form.

These two. deriations tend to cancel, however, and t03 theory is in good

agreemer't with the ballistic data. The possibility of a simultaneous

distortion of the wtiole petal is attributed to the preliminary formation

of a dish and to the round shape of the projectile.

CONFIDTIAL 6
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The total plastic energy w of the penetration is given b7 tho

equation

in which a is the radius of the projectile and I is the number of petals

in the star crack. A round nosed projectile normally makes a star crack

with t•.r:.• petals, for which the plastic energy is given by the equation

hi = (.,22)Xa1-1' (16)

The membrane is actually fractured on contact by a pointed projectile, 14

but the cracks and petals are formed by a progressive diseortion. During9

a small displacement of the pointed projectile along its axis, a narrow

annular zone of the membrane is folded back into each petal. As the pro-

jectile advances into the impact hole, the petals are pushed back from the %a

point of the projectile. The energy which is required for the formation

of a petal is probably analogous to the energy which would be required for

the progressive transformation of a plane sector into a plane triangle.

An the annular zone is folded back, the are of the plane sector would be

stretched, and as the whole petal is pushed back, the arc of the plane

sector would be straightened.

The analysis of force on a pointed projectile during 1-1e penetration

of a thin membrane is based on the following simplifications.

(a! It is assumed that a star crack is formed at the firsu instant

of contact and opreads progressively with no expenditure of

energy,.

CON7DNIAL
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(b) It is assumed that the petals grow progressively while the rest

of the membrane remains plane.

(o) It. is assumed that the energy which is required to fold back an

annular zone of' the membrane into each petal is the same as the

energy which would be required to sL:•tch the base of a plane

triangle.

(d) It is assumed that the energy which is required to push back

each petal is the same as the energy which would be required to

warp the arc of a plane sector.

During the differential displacement dp of an ogival projectile into

the mte-qbrane, an annular zone of radius r and width dr is folded back into

a conical zone which is tangent to the ogive. The base of each petal is

stretched by the amount

(i 1 qdr = (1 .- k'n)qdr (17)

dr

in which the polar angle p is neasured from the median line of the petal

and n is a unit vector normal to the ogive. The increment in plastic

energy is given by the expression

- (1 - k'n)rdr

in which I is the average shear stress on the base of the petal.

CONrIDENrIAL 8
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During the differential displacement dp, the petals are pushed back, k

and the base line of each petal is bent. The plastic work is approximately

proportional to the change in curvature of the base line. The radius of f

cur7ature of the base of the petal is given by the expressions

"lV+(--)2 (18

dr n (18)

The in'..:nt in plastic energy is given approx.mately by the expression a

Be'2et '---t•r k-dn

befure the bourrelet has reached the face of the membrane, but is given

qualitatively by the expression

-2neX
-j--a + b - 0)'k-dn

after the bourrelet has passed through the face of the membrane. The

petals are pushed back until the bourrelet passes the tips of the petals. 31

In the case of an ogival projectile with ogival radius R. the total plastic

energy of penetration w is givtu oy the equation

xci(. - 't" ,'2'."1' '3 x1X' a 19

2S R~ NR 3#9

in which T is the volume within the nose contour from the tip of the pro-

jectile to the plane through the edge of the bourrelet. A pu"ited projec-

tile normally makes A star crack with four petals, for whieh the average

COFIDERTIAL 9
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shear streaR A is estimated3 to be (0.4A2)I'. In the case of a 3" AP M79

i..ojscttle, the radius R of the ogive is (3.34)u, and the volume T of the th

ogive is (L.333)7ta9. The plastic energy for the 3'," A•. 1479 projectile is is

given by the equation

,= (. 6) 2 ell (PD)

In the limitizx ease of a projectile with an infinite oival radius, the le

plastic energy wuld be given by the equation

W = (. .189)Ra'eX' (1).ll

if the number of petals were still four.

CONVTnr!AI, 1,,
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Th Notion At Normal lbliauit-y

The total energy for penetration is the sum of the plastic energy

near the impact hole and the elastic energy in the transverse undulation. n

The effect of the undulation may be calculated with the aid of the sub-

stitution

dh

_ ,+ + _- (,22)

The values of h' in the formula are adjusted by trial until the equation

0 id (,23)

reprodi•es the trial values of A'.

In the case of a 3" AP.M79 projectile in a plate of STS .03 calibers re

thick the initial value of h' would be .619 in a limit impact.

COW•FID•MTIAL 11
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The branches of the star crack vary in orientation from impact to

impact. If the energy distribution in many impacts were averaged, the

average distribution would be relatively emooth, even though the energy

per ,,nit area varies in a wide range over ea.h individual petal. The

analysis of force and torque at low obliquity is therefore based upon

the following assumptions.

(a) It is assumed that the energy per unit perimeter of impact which

is required to fold back an annular zone is equivalent to the

average energy which would be required in a normal impact.

(b) It is assumed that the energy per unit area of impact which is

required to push back the petals is equivalent to the average

energy which would be required in a normal impact.

Let r be the perpendicular distance from the axis of the projectile

to a point on t' 9 rim of the impact, and let y be the polar angle between

the axis i and the perpendicular line to the point on the rim. The polar

axis is tilted at the angle X to the axis k. The equation for an ogive

of radius R is then

(R-a+r)' + (b--• + r sin 1P tan x )' (2'4)

cos X

which may Le solved with the aid of the quadratic formula to give r as a

function of p,),X. Let the unit vector n be normal to the nosc contour

at the point on the rim. The cartesian components of n are given by the

CONFIDENTIAL 1,2
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cxpressicns

+ (R(,-a+)vcosT

+ -(R-a+r)sinq~cosx + -(b - -. + rainqptanX)sinXi
RR coax

1
-..(R-a+r)sinqpsinX + -ý(b - -2... + rsiuqytariX)cos)( k

coax

Let the unit vector t be tangent to the nose contour at the point on the

rim, and let t be coplanar with the &ais of the projectile. The cartesian

components of t are given by the expressions

+ 1(b - P + rsinqna•rn)cosip
R coax

- (R-a4r)sizx + - coax + rsinqvta*x)sinqmcno

- . (P.-+r)osX - 1(• - -- + rsin-tanX)sinqsinX k

R R coax

During an arbitrary displacement 8r of the projectile, all po.nts on

the nose contour which were located within the vector distance -r frim

the wimbrane are brought into contact with the membrane. Of these points,

all which lie in the range dy were located in a parallelogram on the nose

contour.. The base line uf the parallelogram is collinear with t and oz-

tends to thd same distance from the surface of the membrane a: the vector

-or. The base length ef the parallelogram is therefore -(k*Br)/(k't) and

the altitude is MdT. This parallelogram on the nose contour is brought

CONFIDNTIAL 13
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into contact with a parallelogram of area ds on the surface of the mem-

t;.ane. The two parallelograms form two faces of a parallelopiped, while

the vector 8r is a diagonal of the third face of the same parallelopiped.

The volume of the parallelopiped is given by the expressions

(k(br)ds -k (25)

(k- t)

As t)! •-race of the membrane is folded back, the plastic work is given

by the errrension

Rex (l-k"n)- -• -- (n 6r)rdy

If the arbitrary a4splacement br is parallel to the surface of the

membrane, the petals are not pushed back. If the displacement 8r is

parallel to the axis of the projectile, the plastic work is given approxi-

mately by the expression

'I'
ezoJf (k- Br),dip

The resultant force f on the projectile is therefore given by the

equation

f = e f ( n) ,-dq, - el 'k . r'*dp (.26)

2 N k~t I'RcOs

"The line of action of any element of force on a frictionless ogive coin-

cides with a and passes through the center of curvature of the ogive. The

loci of the ienters of curvature lie on a plane wh.ch passes tiV..ugh the

leading cdge of the bourrelet. The element of force applies a torque about

COMFID•fIAL 14
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a central axis which lies in this plane at the bourrelet. The lever arm

of the torque is given by the expressions

1 t
- - + rsintanx) = - (R-)(k.t-- (27)
R coax

The samw t.c que would be applied if the element of force coincident with

n were replaced by the reverse of its component along the axis of the

projectile, and if the lever arm were replaced by R-a. To the torque about

the axis at the bourrelet must be added the torque between the bourrelet

and the center of n.ss. The resultant torque L with respect to the center

of mass is given by the equation

L =- X(jcosX - ksinX)'f

+i-X(R-a) if (1-k -n) rI-rsingdy (.25)

+ j(R-a) f r'sinqodqr

The limits of integration with respect to ) depend upon that compo-

nent of the local velocity which is normal to the surface of the projec-

tile. Wherever the normal component of the local velocity is negative,

the projectile loses contact with -he membrane. During the first stage

.-f the penetration, the normal component of local velocity is everywhere

positive for any velocity oZ tzie center of mass which is in & range of

velocities. The limits of integration with respect to ) are 0 to 2t, and

the force and torque are independent of velocity. The normal component
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of local ,'locity is given by the expression

+ 1(R-a+r)(jcosx - (U-j)sinx + ?)4sini
R

+ 1(b - 0 + rsinqFtanx)(jsinx + (i-j)cosx + (Ra)jsin~p)
R coax

Ai)er the projectile has lost contact with the membrane, it does not

renew the cuntact until the coordinates

rcosT and y-(s-g)tanX + r -
cosx

return to the last values which they had before loss of contact.

The thecretical forces and torque on a 3" AP 179 projectile with a

stationary &xis are listed for a few obliquities in Tables I to V. The

ratio o/d in each table is zero when the tip of the projectile touches thG

membrane. Th' Plelt, of the nose contour touches first if the obliquity is

453 or greater, and the ratio 01/d is initially negative at high obliquity.

The penetrations when the edge of the bourrelet is in contact with the

membrane are bracketed by asterisks. The table ends at that penetration

where the edge of the bourrbleL passes the tips of the petals. The effect

of partial contsct between membrane and projectilis is illustrated by the

entries In each table for different vluec of 9, which differ from each

#alue of K 1jr the inriniteeimal amounts *e, or by the angles ±AT

The theoretical curve for the force at X=0 is compared in Figure (2)

with an experimental curve, which has been derived from the depth of pens-
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tration of projectiles into armor The experimental curve for e/d = .03

is based ,,' experimental data at eld = .25, and some of the disorepancy

beLween the theoretical and experimental curves may possibly be caused by

the plastic flow which is required to bring the thicker plate to the point

of fracture.

The analysis of force and torque has been guided by some experiments

with an ogivP1 ,:•deater in aluminum foil. The indenter was turned out of

wood and the foil was stretched ove;, the mouth of a glass tumbler. The

experiment was performed on the weighing pan of a chemical platform scales.

Two types of indentation were made at an inclination of 35%

In the first type of indentation a force was applied parallel to the

axis of the indenter. The component of force normal to the foil had a

maximum value of N' garms weight. The edge of the hole in the foil was

tangent to a transverse scratch, which Dassed through the tiv of the

projectile at first contact.

In the second type of indentation the indenter was mounted in a heavy

clamp and the clamp was suspended by a thread. The tip of the projectile,

the center of mass of the suspended assembly, and the point of support were

adjusted in the same vertical line. As the indenter wao lowered onto the

foil, the force was applied by gravit-I normal to the foil. The maximum force

normal to the foil was 71 grams weight. The edge of the hole in the foil was

also tangent to a transverse scratch, which passed through the tip of the

projectile at first contact.

CONFIDENTIAL 17
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The two holes were, however, on opposite sides of the scratch. This

is interpreted as evidence that the force for complete contact lies between

the axis of the indenter and the normal of the foil. When any other force

is applied, the zone of contact is limited automatically.

The ec-!onent of force along the axis of the indenter had a maximum

value of 61 grams weight in the first test, and had a maximum value of 58

grans weight in the second test. The component of force along the axis of

the indenter was therefore relatively insensitive to the direction of force.

CONFIDENTIAL
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The .Motion At Law nblig~uitv •

In tiz !imiting case of an impact at a velocity far abuv" limit, the

path of the projectile deviates relatively little From n stralriat li a.

The rotation of the velocity of thc cuntar or masi ana. the "atatiotL ur the

axis of the projectile tend to vary inversely with the square of the strik-

ing velocit,, at any particular stage of the penetration, whereas the die-

placement of the undulation tends to vary inversely as the striking velocity.

The motion in the undulation causes the projectile to loge contact with the

menbrane in the neighborhood of Tp - Am when the cylindrical body of the

projectile reaches the membrane.

In the limiting case of an impact at a velocity just at limit, the

rotation of the velocity of the center of mass, and the rotation of the

axis of the projectile are relatively large. A numerical integration of

the equations of motion has been completed for the special case of an

impact by a 3" A? M?9 projectile at 45* obliquity. On the basis of this

computation, it is estimated thpt the projectile loses contact with the

membrane, in the neighborhood o*f y = - ;,, before the bourrelat roeaahs the

mmmhrmne ThA p-vnjtweti1e trav•l. a Tarter of a caliber, after this lose

of contact, before the bourrelet first reaches the msmbvý*e at 4) -L

The projectile then loses contact in the neighborhood of T : + ki, after

the projectile has traveled a further distance of : quarter of a caliber,

and befcre the btu,1*elet has reached the membrane at y + in. The angles

G and X are not very different mt the instant when contact is lost on both
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sides of the nose of the projectile, but the axis of the projectile retains

a relatively large angular velocity. The petals of the membrane continue

to apply a force on the nose of the projectile after the partial loss of

contact. When the axis of the projectile is nearly orthogonal to the

membra-e', - act is restored at 9 = + in, but then the residual velocity

cf the center of mass is relatively small, and the final velocity is quickly

deflected toward the normal of the membrane.

The theoretical motion of the projectile is illustrated by Figure (3).

The rotation of the axis of the projectile has been recorded experimentally

by flash x-radiograms of projectiles in flight, and the final deflection of

the velocity is supported by many measurements of deflection at the Armor

and Projectile Laboratory.

On the basis of the computations for 45* obliquity, the subsequent

analysis for other obliquities has been simplified by the introduction of

the following simplifications.

(a) It is assumed that the projectile remains in complete contact

wILL Llt u•ha • & . til the bourrelet first touches the membrane.

(b) It is assumed that a transverse force brings the velocity of the

center of mass instantaneously into coincidence with the axis of

the projectile when the bourrelet first touches the membrane.

(c) It is assumed that the projectile continues without tr.o.cverse

force or torque after the bourrelet has first touched the membrane.

It is assumed that the lcngitudinal force on the aotual projectile

wit' a rotating axis is the same as the longitudinal force on a
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projectile with a stationary axis.

(d) It is assumed that the final deflection of the velocity of the

center of mass occurs too late in the penetration to be of

influence on the limit velocity for complete penetration.

(e) It i4- ".umed that the motion in the undulation is the sane as

the mot•on in an elastic undulation with the force concentrated

at a point.

Stage (i). During the first stage, the variables 1t. h' have been calculated

b) the equations

h' VA.h" + 2fvldh (30)

The variable * was used as the variable of integration in accordance with

the substitution

1

dh (
1 + ___

+ 7,(h ) - A')

At the and of the first stage, tho variables i', V were transformed into

the Initial values c'o, hA for the next stage by the substitutions

#' - (g'cosX-h'sinX)cosX ' to

hA + (g'cosx-h'sinX)s:1nX ho
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Stage (ii). During the second stage, the initial value of h' was made to

satisfy the equation

0' V - fvdh (32)

for which T! ":as the component, norm-l to the membrane, of a longitudinal

vector of magnitude r)cosx + VsinX.

Stage (iii). Sidewise motion of the projectile during a limit impact was

without influence on the calculations.

The variation of h' with p was adjusted by trial until the equations

were satisfied. A sample calculation has been completed for the case of a

3" AP M79 projectile in a membrane of STS with a thickness of .03 calibers

and a static tensile strength of ll000(lb)/(in)2. The yield stress Z'

was assumed to be equal to the dynamic tensile strength, which is 145000

(lb)/(in)'. The results are summarized in Table VII, and sre consistent

with the equation

0 = .252 0( L eo) (33)
dcos80

The theoretical plate penetratiton function is compared with the standard

ballistic function in Figure (5).
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Thne Force Md Torgue Iat ffi Oblia .jt

At the beginning of the first stage of' the penetration, an ogival

projectile makes a shallow depression in a thin membrane. During the

first instant of contact, the rim of the depression spreads out at a

greater velocity than the maximum velocity of ;..opagation for an undula-

tion in~ the membrane. Motion of the projectile in a direction normal

to the membrane sets the membrane into motion with a velocity which is

sysmmetrically distributed over the area of contact. Motion of the pro-

jectile in a direction parallel to the membrane increases the velocity

of the membrane near the leading edge of the depression, and. decreases

the velocity near the trailing edge. This increment in velocity, which

is associated with motion parallel to the membrane, is auitisytmuetrically

distrib~uted over the area of contact. The symmnetric distribution of

velocity ks the major contributor to the total momentum of the membrane,

since the antisy-.rmietric distribution tends to average out. The total

momentum in the membrane during the first instant or contact is therefore

essentially independent of motion of the projectile parallel to the

membrane as long as the critical velocity for cavitation is not exceeded.

The force on the projectile jumps suddenly on contact to a finite

force. The ini1'tal pressurA on the projectile consists of two parts, a

transient dynaric pre;!9ure which is concentrated along the rim of' the

depression, and a steady plastic pressure which is uniform over the area

of contact.
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The transient dynamic press-ire is initially equal to the expression

T-e steady plastic pressure is sufficient to prevent cavitation unless it

is exceeded by the steady Bernoullian pressure, w•nse magnitude is given

by the expression

Se

The length of the depression is greater than the width and one prin-

cipal radius of curvature is greater than the other. The larger radius

of curvature is equal to the ogival radius R of the nose contour, while

the smaller radius of curvature is given by the expression

R-e

sinX

The steady plastic pressure is given approximately by the expression

1 1
(- + _)eI'
R R -R-4

sinx

in the limiting case of a thin membrane. The force on the projectile

gradually subsides until an undulation begins to form.

Wen the velocity of the rim of the depression has subsided to the

velocity of propagation, the rim detaches itself from the surface of the

projectile and continues outward with the velocity of propagation. The

formation of an undulation begins near the trailing edge of the depression,

where the memnbrane is noving with the least velocity. The undulation may

eventually surround the projectile if the projectile ie moving slowly, but
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can never surround a projectile whose velocity parallel to the membrane

is greater than the velocity of propag~ation. The total momentum in the

membrane is given approximately by the expression

peas'

in which s' is the effective area of the de6•'-ssion. The area s' is equal

to the sum of the tot.i area of contact and a fraction of the free area of

the undulation.

The force on the projectile Increases gradually, after the undulation

begins to devplop, until the membrane fractures. The projectile moves a

limited distance frdm the instant of contact with the membrane to the in-

stant of fracture of the membrane, but the force on the projectile at the

inRtant of fracture is nearly proportional to i.

The membrane probably thins down to frActure in a locallized zone when

the projectile is moving slowly, but local necking or webbing do not have

time to develop when the projectile is moving rapidly.

After the membrane has cracked it offers less resistance to ýhe pro-

jectile. The principd! axis of stress at the free edge of the crack is

parallel to the edge. Any line element which io perpendicular to the crack

before fracture continues to be perpendicular after fracture. The two com-

ponents of stress perpendiiular to the edge are zero in the limiting case

of n thin menbrane, and the stress is a pure tension or compression parallel

to the edge. The plastic pressure on the nose of the projectile jusý after

fracture is therefore given approximately by the expression

R
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The mol-lo of the undulation is retarded just after fracture, and the

penetration of the projectile is accelereted, until the resistance to the

projectile is rpstored.

The edges of the crack can apply relatively little pressure to the

parallel sides of the projectile and the center of pressure is forward of

the bourrelet. The exis of the projectilf- is rt-*',4,. from its original

orie,,tation and the rose of the projectile is displaced from its original

line of flight. Thd base continues with little deviation from its original

line of flight. The projectile loses contact with the membrane Just forward

of the bourrelet, but renews the contact just forward of the base. The dis-

tances X,. ý2 from the center of mass to the points of contact are related

approximately by the equatioh

1X,X2 =-eC (34)

The base scrapes the membrane, after renewed contact, into an elliptic

cylindrical surface whose axis is in the same direction as the original

obliquity. The membrane applies to the base a pressure which is concen-

trated along the rim of the base.

When the projectile has turned into a position with its axis nearly

coplanar with the membrane, the force on the nose is given approximately

by the expression

a2a
S- j-X' -(Rcos1(l-) - b(l - -))(1 - cos(1))keZ'
R R R

and the torque on the nose is given approximately by the expression

-- R - -OS, 2
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The tevsion in the membrane at the rim of the base is perpendicular to the

rim and is tangent to the n-lindrical segments of the membrane in the rear

of the projectile. If the axis of the cylindrical segments in inclined at

the angle 9 to the normal of the plate, then the resultant force on the base

is given approximately by the expression

,I' cosesin2 q)d(
-2ak e o V - c -8- cos *I

and the torque on the base is given epproximntply by the expression

'I -cos•Oeos~q}d
+ 2a(L--b-X)eX'r. o~inqq

in which I is the length of the projectile. The integral in expressed in

terms of elliptic intaerals by the equation

I cosO~jin 2q~d 1 Rti -' i. i
cos~fcos2' -(R~k-) - . 1)) -- .. (F •"- - F(k,- -1)

" " O S - .. _

for whinh the modulus A is given by the equation

k = cose

During a limit impact on a thin membrane, the force on an ogival

projectile at the instant when the projectile fii-t makes contact with

the membrane, at the instant when the projectile i-actures the membrane,

and at the instant when the projectile is coplanar witn the membrane, all

haeppen to be of the spme magnitude as the average force on the projectile.

CONFIDETFIAL V2
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The analysis of force and torque on a projectile during the first

two stages is therefore based upon the following simplifications.

(a) It is assumed that the force and torque on the nose of the pro-

jectile are constant and are equal to the force and torque on a

projectile whose axis is coplanar with the membrane.

(b) It is assumed that the force and .orque on the base of the pro-

jectile are constant, after the base reaches the membrane, and

are equal to the force and torque on the base of a projectile

whose axis is coplanar with the membrane.

(c) it is assumed that the displacement of the undulation is the

same as the displacement in an elastic undulation with the force

concentrated at a point.

(d) It is assumed that the second stage comes to an end when the

ratio of the torque to the force is essentially the same for the

decondi and third stages.

During the third stage of the penetration, the projectile moves side-

wise through the membrane. The force on the projectile is then nearly

independent of the position oif the center of mass as long as the nose or

base of the projectile Is not even with the membrane. The torque on the

projecti] , is, however, a function of the position of the center of mass.

Of the total surfac- of the membrane which has been displaced by the

projectile at any instant, that part at the extreme forward end has, before

displacement, the shape of two quadrants of a plane ellipse with the crack

for a common radius, and has, after displacement, the shape of two segments
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of a cylinder, with the ellipse for' a base. The transformation of a quad-

rant of the ellipse into a segment of the cylinder requires the sane strain

as would be required by the distortion of a plant quadrant into a new plane

surfmca viaidh has the same final contour as the segment would have if it

were rollJd out flat.

If X is the angle between the axis of the projectile and the normal

to the membrane, then the arc of the ellipse is represented analytically

by the parametric equations

Y ,=: cos Y = asinmy (35)

coax

in which x,y are the cartesian coordinates in the plane of the ellipse and

g is a cylindrical polar coordinate. The base of the segment is represented

analytically by the parametric equations

X1 = " YI = atanxsinp (56)

in which x',y' are the cartesian coordinates in the plane of the segment

after flattening, and T is the same polar noordinate.

Let a straight line be considered which is perpendicular to the crack

before transformation. The length of the line from the crack to the arc

of the quadrant is acnye. The line intersects the arc of the quadrant at

an angle which is given by the equation

.an (7 - +)dx coax
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Two s~uch linas, whose values of V differ by th1e differential dT, are

separated by the distance

ocoax~

The angles which the two lines make with tha are :ý the quadrant differ

by the amount

- dtanrtldy coax d
dx Cos 2 P + CosaXsinlYd (38)

Let a straight line be considered, which is tangent to the base of

the segment. This line is oriented at an angle which is given by the

equation

Two such lines whose viilues of (p differ by dqp, are inclined to ez;eh other

with the angle

dta 1y' tanXainyp d (40)
Wtan - 1 + tan'xcos ,q

Let a straight line be considered, which makes the same angle with

the bass of the segment, as the original straight line, perpendicular to

the crack at the samte value of q), mode with the are of the quadrant. This

new line is then oriented at an angle which is given by the expression

ta 1 dy L' l

Tx+tan dx dx

Two such lines whose values of q) differ by the differential dqi are
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inclined to each other at the angle

coax ,a,)

1 + sinXsinfl

If the length of these lines is scoaq. ther 'he termini of thc lines are

the loci of a cuArve which is a good approximation for the contour into

.;.hi n the edge of the crack is fanned out by the transformation. The

length of the contour is given by the equation

cody+ exos - = ..- + 008X log(l + sinx) (41)
coax 1 + sinXsin9, coaX 31inx

The length of the crack is therefore greater than its original length by

the amount

& log(1 + sinx)sinx

while the length of the arc or base is unchanged. The elongation of any

line which is parallel to the edge of the crack is proportional to its

the transformation is therefore given approximately by the equation

2= a'i 'cOaX log(l 4 minX) (42)

sinx

if the sides of a long crack were folded down uniformly along a

straight line, the strain would be zero. The strain at the edge of the

actual crack tends, therefore, to return to zero after the projectile has

panned by, or the edge of the eoarck tends to curl up. Diring a steady

moti.on of the projectile, the length of the crack would steadily increase.
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The final strain at the edge of the crack is approximately equal to cos2x.

The plastic energy per unit length of crack would therefore be aeZ'cos 2 X.

This is also the component of force on the projectile in the direction

parallel to the surface of the membrane. The force itself is perpendicular

to the axis of the projectile, and is given by the equation

f - (jcosX - ksinX) ee'cosX (43)

The torque on the projectile is given approximately by the equation

L + n (z- a . sinX)oaeX' (40)
4

These equations are valid when X is in a range which does not include il

or it, and give a force and torque which is too small when X is equal to im

or t.

During a limit inpact the projectile see-saws bask and forth in the

membrane and the angle X is limited to a range which straddles it. The

displacement of the projectile tends to lead the displacement of the

undulation by a phase angle of jin, and the motion of the projectile is

damped by the undulation, but the amplitude of the undulation in the third

stage its 1ii,,i.d Ly t.ha .zh4w..hh 4. hti° ,,4ti+ in 0 first two staAres.

The analysis of force and torque on a projectile during the third stage is

therefore based upon the following simplificatione.

(a) It is assumed that the force and torque are given by the limiting

functtous when X is nearly equal to n.

(b) It is assumed that the displacement of the undulation is stationary.

(C) It is assumed that the third stage comes to an end when the pro-

jectile loses contact with the membrane.
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The MAtion nt i fli uitv

Sta'e (i). The initial vlUeR atr hO, and )e• in tho f'ir:rt rtnt,, art: rohia Lod

in raccordanme with the equation

ho -(R - (R-a)sinxn + kcoax,,) (4h)
A0-d

Thc irn.tial values of ho, A 0, Xn. go. Ah. Xo' are othr:rwine arbitrnry. The,

assumed values of y, rl, A are constants, And indepcndont of obliquity. The

instantaneous values of g. h, x- h'. ('. I' have been calculated with thc

aid of equations (9), (10), (11) and the instantaneous values of Vd were

calculated with the aid of Equation (13). The first stagpe comes to an end

when the base of the projectile reaches the membrane, or when h satisfies

the equation

h = + 1( (1-b-)x)cosx - asinx) (46)
d d .

Inasmuch as A and X are quadratic functions of q. the final values of

F. h. Y. i'. h', Y' were found by a method of successive approximations.

Stage (ii). The initial values of to. ho, X0. to, ho. )(j in the second

stage are the final values of g. -, X#, g', A', X' in the first stage. The

calculated values of y, 1, A are constants, but depend upon the initial

obliqiiity. The instantaneous values of 1, A, X, g', A', X' have been cal-

culated with the aid of Equations (9), (10), (11). The instantaneous

values of E/d were calculated with the aid of Equation (13), but with Ao'

in the equation replaced by the initial value of h' in the first stage.
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The second stage comes to an er.4 when the angle X is approximately equal

to

it- cos-@ (wi )

8 A

Inaamuch as X is a quadratic f1mction of e. the final value of q was

found with the aid of the quadratic formula.

Stage liii). The initial values of to, ho, Xo. to'. h, h4.j in the third

stage are the final values of rh, A, w, ', h'. X' in the second stage.

Insofar as the difference X-7 is small but finite, the functions y, il, A

may be expressed by the limiting equations

12

7 1- (h =5X - R) 1(48).2 d 16

The general integrals of the equations of motion are then

11 o+to (4g)
.4

h + hisinhg±q + hgcoshgLAq + hbesiný4 + h4 oosAL8q (00')
d

X- it= + 24L*hlsinhl&tq +'24Ih 2 coshgjLq - '24hosinlq - '2g4hcosi.gg (ill)

in .hich gl, • 2 , h., h2, he, .' are constants of integratior.. The con-

sterts g, and g2 are given by the equations

2 256 32 2 256 T2
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The constanti hl, h2 , hs, h 4 are given in terms of the constants ho, Xo,

0h, )a by the equations

h 2 0 X0,2g.(4o + g,

24 -(h ) + (X0 -

h2 (53)42( + 14)

h 2 -14h -yj
2ý4 (gZ + 4)
24. (ho (

2242(g&i + ;L2

The projectile continues to see-saw in the plate until I S 0.

The projectile may remain briefly in contact with the membrane after the

plastic deformation of the membrane has ceaced. The final value of q is

therefore greater than 210. The impact is a limit Impact if h' = 0 and

V = 0 at the end of contact. The approximate conditions for a limit

impact are therefore

h1 coshL1q + htsinahliq = 0 (54)

hgcosl&tq - h4sin.q = 0 (55)

which ar3 strictly corrmct when g,', h', X' happen to vanish simultaneously.

The .'ritisl values of rý, Ah at the beginting of the first stage were

adjusted by trial until the conditions for a limit impact were satisfied

at the end of the third stage.
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The theoretical motion of the projectile during a limit impact at 750

obliquity is illustrated by Fip're (4).

A sample calculation has been completed for the case of a 3" AP 10,79

projectile in a membrane of STS with a thickness of .03 calibers and a

staic tensile strength of ll5000(lb)/(in) 2 . The yield stress X' was

assumca` to be equal to the dynamic tensile strength, which is at least

145000 'lb)/(in)2. The results are summarized in Tables V•I and VIIL The

theoretical plate penetration function is compared with the standard bal-

listlic function in Figure (5).
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:' iitation al HI±B Obliguity

There is a lower critical obliquity above which the plastic stress is

unable to prevent cavitation, ana the dynamic stress contributes to the

resistance to penetration.

In th- limiting case of a hypervelocity projectile with its. axis paral.-

lel to the membrane, the work which is required to displace the axis of the

projectile into coincidence with the mnembrane against the dynamic force is

given by tb.. expression

1 P * 1R.(cos.R_) . (R-a)b -2 (R-a)b'
4pe ie R - i 3 R4

The dynamic work varies as the square of the velocity, whereas the plastic

work is essentially constant. Associated with this work is the kinetic

energy

is
•-my cos 0

which also varies as the square of the velocity. The kinetic energy cannot

therefore exceed the dynamic work if the obliquity 0 exceeds an upper

critical obliquity, and a complete penetration is then impossible.

In the case of a 3" AP U79 projectile, the estimated lower obliquity

for cavitation it given uy the expression

cot- ((.271)-)

1. 
d

while the estimated upper obliquity for a complete penetration is given by
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tkc. expression

cot-1{(0

The projectile would lose less than four percent of its velocity during a

ricocheb at the upper limit of obliquity in P membrane with a thickness of

.03 calibers. The critical obliquities for this case are given in Table VI.
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Ballistic Tests

The thicknesses of STS plates have been measured after impact by 5"

Comm Mk 46-2 projectiles at 700 obliquity. The average minimum thickness

of the plates, where the fractures originated, was 65% of the initial

thickncs. The shear strain function at fracture was therefore at least

.28.

A few ballistic tests have been completed with uncapped 37 mn AP 151B2

projectiles at 750 obliquity in a 0.25" plate of STS. Fracture of the plate

occurred at a greater depth than the theoretical limit for a thin membrane.

A finite additional amount of energy was required to bring the plate to the

point of fracture. The projectile blasted an opening in the plate which

was two calibers wide, and cavitation may therefore have been present during

penetration. That the projectile actually moves sidewise through the plate

at the end of a near-limit impact is proved by flash X-radiograms, one of

which is reproduced in Figure (16). The final appearance of the impact hole

is illustrated by Figure (7). An attempt to obtain an unquestionably com-

plete penetration was unfortunately thwarted by projectile breakage. The

fiber stress in the projecti.. 4s estimated to be 80000 (lb)/(in)' when the

nroJectile moves siiewise in a Dlaze .25" thick, whereas fracture occurs

in the projectile steel at a fiber stress of 325000 (lb)/(in)'. Rxami-

nation of flash X-radiograms of the breaking projectiles shows that fracture

occurred at the forward edge of the bandscore where there is jvidently a

notch concentration of stress.
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T17 EFFECTS OF YAW AND OF RATE OF YAW

The effcct on h' of a --mall increment in 0o at low obliquity was

calcul •' :;ith Xo held constant, in order to obtain an estimate of

ho'/113o. Tho magnitude of Rh'/a 0o was then estimated with the aid of

the relationship

dh_ 8 = ho_ + 8h (0o S n (c ) (56)
d~o 83o 8XO

The increment AX which is associated with an initial rate of yaw

x0 is given approximately by the equation*

AX x=4q (57)

The effect on h' of this increment in x was estimated with the aid of

the formula

a dh (a
Arrdh = xA.r-( )d (5)

The results of calculation are given in Table VII.

*An inspection of Equation (10) has shown that the average error in this

approximation is of the order of 104.
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II' -?h Obl.1 guity

Insofar as the theory is a valid repiesentation of the force and

torque at high obliquity, the effec6 on ho of small increments in y' or

)(j may be determined by direct calculations with various initial values

of eo. -xo. yc). The results of such calculations are surmarized in Table

VII.

BallisticTet

The effect of yaw on the limit energy has only been determined with

certainty by ballistic tests with projectiles against thick plates at

normal obliquity. The effect on the limit energy cf one degree of yaw

was found to be equivalent to the effect of tw degrees of obliquity.

The theoretical effect on the limit onergy of one degree of yaw is only

a fraction of the effect of one degree of obliquity in the case of a

thin membrane.
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TABLE I

Tha thieoretical forces and torque on a-3" AP 1-79 projectile in a thin
membrane, at X =0 and X'= 0

d y A

.000 .000 .000 .000

.149 000 -. 052 000

.-298 000 -. 098 0000

.447 00-.131 000

.5g6 000 -. 150 000

.894-.0 -. 136 00

*1.192 .00M09 .0

**1. 192 T.189 -. 059 T.107

L-317 T.189 -. 033 T.083

1.442 T-18g -. 015 T.059

1.567 T.189 -. 004 T 3

1.692 T.189 .000 T.012

*Edge of bourrelet approaches membrane.
**Edge of bourrelet pasaera membrane.
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TABLE It

The theoretical forces and torque on a 3" AP M79 projectile in a thin
membrane at X = 150 and X'= 0

_• .,e , X + S . .. = X - a

d y 1 A Y n A

000 oow .000 000 000 000. 000

•b -.•024 -.•089 -.•004 -. 024 -. 089 -. 004

.511 -. 031 -.. 142 -.•013 -. 031 -. 142 -. 013

.766 -. 049 -. 144' --.027/ -. 049 -. 144 -. 027

"".0O2 -. 053 -. 094 -. 043 -. 053 -. 094, -. 043

1.086 -.18e -. 039 -. 122 -. 058 -. 074 -. 054

1.151 -. 216 -. 012 -. 140 -. 065 -. 052 -. 068

1.216 -. ,223 +.009 -. 141 -. 045 -. 039 -. 064

• 1.280 -. 228 +.026 -. 134 +.151 -. 076 +.043

1.530 -.228 +.053 -. 068 +.151 -. 048 +.007

1. 760 -.. 228 +.061 -. 004 +.151 -. i00 -. 030

* Edge of bourrelet reeches membrane at lp = -

* Edge of bourrelet reaches membrane at = +tR
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TABLE III

The theoretica! for-ce and torque on a-3" AP 79 projectile in a thin
membrane at X 0- 9-(O and X- 0

e = Xe =X-

y A y A

.000 .000 .000 .000 000 000 000

.196 -. 041 -. 081 -. 002 -. 041 -. 081 -. 002

.391 -. 069 -. 130 -. 015 -. 069 -. 130 -. 015

.586 -. 087 -. 141 -. 039 -. 087 -. 141 -. 039

*.782 -. 078 -. 115 -. 052 -. 078 -. 115 -. 052

.907 -. ,204 -. 020 -. 152 -. 110 -. 074 -. 080

1.032 -.- 241 +.040 -. 180 -. 126 -. 026 -. 134

1.21L7 -..255 +.089 -. 188 -. 110 +.006 -. 1-39

*I.282 -.Z64 +.127 -. 164 +.115 -. 092 -. 002

1.532 -.- 264 +. 144 -. 068 +.115 -. 075 -. 034

1.782 -.o264 +.152 +. 022 +.115 -. 066 -. 059

R ,dge of bourrelet ret-bhe, membrane at y = - i

•* Edge of bourrelet reaches membrane at = =in
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TABLF V

The theorotical forces and torque oa a-3" AP WS~ projectile In a thin
membrane at x = 600 and X' = 0

- I y 7) A y A
d ___________________

-. 061 000 000 000 000 000 000

.(3 -. 003 -. 061 +.064 -. 003 -. 061 +. 064

.000 -. 015 -. 112 +.109 -. 015 -. 112 +.109

.041 -. 041 -. 143 +.101 -. 041 -. 143 +.101

.0e1 -. 064 -. 152 +.078 -. 064 -. 152 +.078

.122. -. 084 -. 160 +.056 -. 064 -. 160 +.056

*.163 -. 101 -. 163 +.034 -. 101 -. 163 +.034

.-379 -. 214 -. 029 -. 143 -. 171 -. 102 -. 117

.596 -.-265 4.133 -. 270 -".20 +.028 -.-270

-01P - 34 M 6 _.X151 -. 1211 +.165 -. 356

**1.029 -. 318 +.519 -.-254- +.060 -. 137 -. 105

1.279 -. 318 +.545 +.064 +.080 -. 110 -. 166

1.529 -310 f-.551 +.382 +.060 -. 105 -. 226

*Edge of bourrelet reaches membrane at q) =-
SEdge of bourrelet reaches membrane at y= + 4
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Th4 theoretical forces and torque on a 3" AP M79 projectile in a thin
membrane.

St•e 80 y A

(M) 00 -. 150 -. 226 +.208

(ii) Goo -. 150 -. 373 +.023

65° -. 347 +.056

700 " -. 323 +.067

75e -. 298 +.117

80 " -. 274 +.L48

856 " -. em +.178

906 -. w -. 226 +.12W

Stage IL,

1.63•3 .706 .9o6
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TABLE VII

Theoretical plate penetration coefficients for the 3" AP M79 projectile in a

thin membrane of STS at eld = .03 and I' = 145003 (lb)/(in)2 . The effects of

yaw and of rate of yaw.

90 =v F(! 0), 0 Pdo -oft -, O ••.

0 .619 16000 .000 .00

15 .611 1 800 -. 019 +.33

30 .585 15100 +.066 +.64

45 .545 14100 +.1298 +.91

60 .962 24900 +.124 +.51

65 .914 23700 +.058 +.38

70 .866 22400 +.014 +.28

75 .820 21300 -. 009 +.20

80 .776 20100 -. 018 +.13

84.8* ... .......

85 (.734) (19000) (-.013) (+.06)

87.1** ............

90 (.692) (17900) (+.005) (.00)

* Lower critical obliquity for cavitation

** Upper critical obliquity for complete penetration

Numtn3rs in parentheses would be valid if there were no cavitation
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TABLE VII_

Ballistic data for 3" Projectiles at 00 obliquity.

Plate
Pl te Tensile e

Projectile Number Strength 0 X -

d d
3" AP 779 716835 132000 30 00 .431 42800o 0

"" .50 50 .430 '43200•20

-0 lo3 .431 43600±200

3" Expr. (1i lb X16835 132000 00 00 .429 '27600200
flat nose)

"f f if5p 50 .431 '26500W 00

" i ".50 100 .429 Z28400
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LIST OF SYUBOLS

a radius of the projectile.

:,C moments of inertia of the projectile with rennect to
longitudinal and transverse axes.

b length of nose from bourrelet to tip

CL dimensionless constant ad2/C.

91. 0, dimensionless parameters of the undulation.

Y9 71 dimensionless components of f/ (deZ' L with rospect to
&xes which are parallel and normal to the plate.

d diameter of the projectile.

a thickness of the plate.

£ infinitesimal quantity.

f force on the projectile.

F(e/d, ) plate penetration coefficient.

g, h dimensionless coordinates of the oenter of mass.

11. to, h', A' derivatives with respect to q.

AIl kh, ks A 4  cons'ýants of integration.

i, J, k orthogonal unit vectsre with k perpendicular to the plate
and with i perpendicular to the plane of incidence.

didtence from the center of mass to the edge of the
bourrelat.

£ length of the projectile.

L torque on the projectile.

A dimensionless variable, L/(d'e.I).

a mass of the projectile.
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LIST OF SYMBOLS (Continued)

91, 12 constants of integration.

N number of petals in a star crack.

n unit vector aormal to - ogive.

W angular velocity of the projectile.

* penetration of the projectile into the plate.

q i�imensionle-s variable (.'/m)a*

r. • cylindrical polar coordinates of a point on the nose
contour.

r position vector of a point on the nose contour.

R radius of the ogive.

S' effectiva area of an undulation.

t time.

t unit vector tangent to the ogive.

6 obliquity between the velocity of the projectile and the
normal of the plate.

v velocity of the center of mass.

W energy of the plate.

v, yo a Cartesian coordinates of the center of mass of the pro-
jectile, with a the distance from the initial surface
of tLe plate.

X, y Cartesian coordinates of a point on the ,late before
plastic deformation.

x', y' Cartesian coordi' as of a point on tho plate after
plastic defo-matfin.

* 7' effective yield stress.
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LIST OP 3iBOLS (Continued)

y* y. x, a darivatives with respect to time.

x aeile between the axis of the projectile and the normal
of the plate.

x, x derivatives with respect to t.

x x derivatives with respect to q.

displacement of the cents::- of the undulation.
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